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Abstract

In this paper we define a generalization of the pentagram map to a map on
twisted polygons in the Grassmannian space Gr(n, mn). We define invariants of
Grassmannian twisted polygons under the natural action of SL(nm), invariants
that define coordinates in the moduli space of twisted polygons. We then prove
that when written in terms of the moduli space coordinates, the pentagram map
is preserved by a certain scaling. The scaling is then used to construct a Lax
representation for the map that can be used for integration.

1 Introduction

In the last five years there has been a lot of activity around the study of the pentagram
map, its generalizations and some related maps. The map was originally defined by
Richard Schwartz over two decades ago ([10]) and after a dormant period it came back
with the publication of [8], where the authors proved that the map, when defined on
twisted polygons, was completely integrable. The literature on the subject is quite
sizable by now, as different authors proved that the original map on closed polygons
was also completely integrable ([9], [13]); worked on generalizations to polygons in
higher dimensions and their integrability ([1], [2], [5], [6]); and studied the integrability
of other related maps ([11], [7]). The subject has also branched into geometry and
combinatorics, this bibliography refers only to some geometric generalizations of the
map and is by no means exhaustive.

The success of the map is perhaps due to its simplicity. The original map is
defined on closed convex polygons in RP?. The map takes a convex polygon in the
projective plane to the one formed by the intersection of the lines that join every other
vertex, as in the figure. The mathematical consequences of such a simple construction
are astonishing (in particular, the pentagram map is a double discretization of the
Boussinesq equation, a well-known completely integrable system modeling waves, see
[8]). Integrability is studied not for the map itself, but for the map induced by it on
the moduli space of planar projective polygons, that is on the space of equivalence
classes of polygons up to a projective transformation. In [8] the authors defined it on
twisted polygons, or polygons with a monodromy after a period N, and proved that the
map induced on the moduli space is completely integrable. (The map is equivariant
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under projective transformations, thus the existence of the moduli induced map is
guaranteed.)

In this paper we look at the generalization of the map from the Grassmannian
point of view. If we think of RP? as the Grassmaniann Gr(1, 3), that is, the space of
homogeneous lines in R3, then the polygon would be a polygon in the Grassmannian
under the usual action of SL(2+ 1), with each side representing a homogeneous plane
as in the picture. The case of RP™ ™! was studied in [1] where the authors proved that
the generalized pentagram map was integrable for low dimensions, and conjectured
that a scaling existed for the map that ensured the existence of a Lax pair and its
integrability. The conjecture was proved in [6]. We can also consider this case as
Gr(1,m), m > 3. From this point of view, it is natural to investigate the generalized
map defined on polygons in Gr(n, mn), where m and n are positive integers, m > 3.
In this paper we define and study the generalization of the pentagram map to twisted
Grassmannian polygons in Gr(n, mn), m > 3.

Figure 1: the pentagram map on pentagons in Gr(1,3)

The first step is to define the map on the moduli space of Grassmannian twisted
polygons, that is, on the space of equivalence classes of Grassmannian twisted poly-
gons, under the classical action of SL((m — 1)n 4+ n) that generalizes the projective
action of PSL(m) on RP™!. We do that by carefully studying the moduli space and
finding generic coordinates that can be used to write the map in a convenient way
(as in the case of the original pentagram map, the map can only be defined generi-
cally). The coordinates are found with the use of a discrete moving frame constructed
through a normalization process similar to the one described in [4]. The classification
of invariants under this action is, as far as we know, unknown, and it is completed in
section 3.

In section 4 we study the case m = 2s. In a parallel fashion to the study in [6], we
proceed to write the pentagram map on the moduli space in the chosen coordinates,
and we show that it can be written as the solution of a linear system of equations.
We use that description and Cramer’s rule to prove that the map is invariant under
a certain scaling. As it was the case in [6], a critical part of the study is a fundamen-
tal lemma that decomposes the coefficient matrix of the system into terms that are
homogeneous with respect to the scaling. This is lemma 4 for the even dimensional
case, and lemma 9 for the odd dimensional one. The proofs of the rest of the results
are supported by those two lemmas. Once the invariance under scaling is proved, the
construction of a Lax representation is immediate when we introduce the scaling into
a natural parameter-free Lax representation that exists for any map induced on the
moduli space by a map on polygons.

In section 5 we prove the case m = 2s + 1.



2 Definitions and notations

Let Gr(p, q) be the set of all p-dimensional subspaces of V.= R? or V' = C?. Each
l € Gr(p, q) can be represented by a matrix X; of size ¢ x p such that the columns form
a basis for [. We denote this relation by [ =< X; >. Clearly | =< X; >=< X;d > for
any d € GL(p), and the representation is not unique. Hence, Gr(p, q) can be viewed
as the space of equivalence classes of ¢ X p matrices, where two matrices are equivalent
if their columns generate the same subspace. An element of this class, X is called a
lift of l. The name reflects Gr(p, ¢) admitting the structure of a homogeneous space
of dimension p(q — p). Indeed, consider the Lie group SL(q + p), represented by block

matrices of the form
<qu><qp quXp) )
Cpxg—p Epxp
Let H be the subspace defined by B,_p,x, = 0. One can show that SL((¢ —p) +p)/H
is isomorphic to Gr(p, q) and the natural action of SL((q — p) + p) on Gr(p, q) is given
by
g <X >=<gX >.

Consider Gr(n, mn) for any positive integers n,m, and let SL((m — 1)n + n) X
Gr(n, mn) — Gr(n, mn) be the natural action of the group SL(mn) on Gr(n, mn).

A twisted N-gon in Gr(n,mn) is a map ¢ : Z — Gr(n, mn) such that ¢(k+ N) =
M - ¢(k) for all k € Z and for some M € SL(mn). The matrix M is called the
monodromy of the polygon and N is the period. We will also denote an N-gon by
p = (), where I, = ¢(k).

Let X = (Xj) be an arbitrary lift for an N-gon p = (I) with monodromy M, and
choose X so it is also twisted, that is, Xy, = M X}, for all k. For any discrete closed
N-polygon d = (d) in GL(n) (i.e. satisfying di+n = di), we have that Xd = (Xdy)
is also a lift for the same polygon, with the same monodromy M.

Let us denote by Py the moduli space of twisted N-gons in Gr(n,mn), that
is, the space of equivalence classes of twisted polygons under the natural action of
SL(mn). We will also denote by Ply the moduli space of N-gons in R™™*" (or
Cmnxn wherever the lifts live), under the linear action of SL(mn).

A N-gon p = (I) is called regular if the matrix pr = (X Xg41 -+ Xgtm—2 Xktm—1)
satisfies the following condition

det pr, = [(Xp Xpg1 - Xpym—2 Xpym—1)| #0, (1)

for any k € Z and any lift X (clearly, it suffices to check the condition for one
particular lift). In other words, the columns of the matrix constitute a basis of R™"
(or C™") for all k € Z.

3 The moduli space of twisted polygons in Gr(n, mn)

In this section we will prove that the moduli space of regular twisted polygons, Py,
is a N(m — 1)n-dimensional manifold and will define local coordinates.

Assume p = (Iy), Iy € Gr(n,mn) is a regular twisted N-gon and let {X;} be
any twisted lift. By dimension counting, and given that @ is regular, for any k& =
0,...,N —1 we can find n X n matrices al, i =0,...,m — 1 such that

Xk-i—m :Xm+k_1a?_1 +---+Xk+1a,1€+Xkag. (2)

Notice that if pj is as in (1), then

o, O, ... O, ag
I, O, ... O, a,l§
Pe+r=pk | * -0 -0 : = pkQk, (3)
O, ... I, O, aZ“z
On ... O, I, a!



where Qy is the matrix above. Using (1), this implies that deta) # 0, for all k.
Notice that py = poQoQ1,.--,@n—1. Thus, if pg = I, the monodromy is given
by M = Qy...Qn_1, and for other choices M = pOQO...QN,lpal. Thus, only
the conjugation class of monodromy of the system defined by the matrices Q, k =
0,...,N — 1, is well-defined, not the monodromy itself.

Theorem 1. Assume m and N are coprime. Then, for any regular twisted N -gon,
o, there exists a lift V = (V},) such that

det(Vk,Vk+1,...,Vk+m_1) =1, (4)

orany k=0,...,N —1, and such that if a. are given as in (2), then
k

1.
a) = diagonal(r, ..., r5),

where each r§ is an upper triangular Toeplitz matriz with det a) = 1.

2. We can choose V such that all aznfl’s entries, for any k, are generated by
N(n? — n + 1) independent functions.

The remaining N (n—1)m entries of a,, i # 0,m—1, together with those above, define
a coordinate system on Py .

Proof. Let X = (Xj) be any twisted lift of the twisted polygon p. We will call
Vi = Xdy, and show that we can find a closed polygon in GL(n), {dy}, such that the
conditions of the theorem are satisfied. If V), = X d; we have

(Vk, ey Vk+nz—1) = (Xk, e ,Xk+7n_1)diag(dk,dk+1, ey dk+m—1)~ (5)

First of all we will show that condition (4) determines the values of & = det dy, for
any k. Indeed, from (5) we have that

k+m—1

H 0; = Zy,

i=k

where Zj, = det(Xg, ..., Xgrm_1)"* is determined by the choice of lift. These equa-
tions determine 0 uniquely whenever N and m are coprime, as shown in [6]. Let us
call b} the invariants in (2) associated to Xj and a} those associated to Vj. Then,
substituting in (2), we have that

aj, = di{ by dim. (6)

Let p = {pr} be a closed polygon in GL(n) and define the rth m-product to be the
product of every m matrices starting at p, until we get to the end of the period, that
is

[ Ty apr+jm]m = PrPr+mPr+2m - - - Pr4+jm,

with 7 + (j + 1)m > N. If N and m are coprime, by repeatedly adding m to the
subindex we can reach all N elements in {p;}; that is, if N and m are coprime and
N =mqg+ s, with 0 < s <m, then all p, Kk =0,1,..., N — 1 appear in the product

I (o) = [P0y -+ s PN—slm[Pm—ss--slm--ls- s PNts—mlm[Pss -+ s DN—mlm- (7)

(To see this one can picture a circle with N marked points where we locate p;. If
we join with a segment every m points, we are sure to join all points with segments
before closing the polygon. If the polygon closes leaving some vertices untouched, it
means that a multiple of N can be divided into the union of disjoint orbits formed by
joining every m points. This would imply that N and m are not co-prime.)

Let us call

A"" = Hm(ag) = [a27 a2+m te 7a?\/+r—s]m tet [ag-&-r’ Tt a?V—m+r]m' (8)



We can see directly that A, i, = (a2)71A4,a?, for all r. Once more, if N and m are
coprimes, this property guarantees that all A, have the same Jordan form , which we
will call J.

Finally, notice that if B, = II,,,(b"), then

A, =d 'B,d,. (9)

Let us choose d, to be the matrix that conjugates B, to its Jordan normal form J,
so that A, will all be in Jordan form. We can choose an order in the eigenvalues (for
example, from smallest to largest) to ensure that the matrix is unique up to a factor
that commutes with J. It is known that if a matrix commutes with a Jordan form
matrix it must be block diagonal

diagonal(ry, ..., rs),

where each r, is a Toepliz matrix, upper triangular, whenever the corresponding
Jordan block is of the form

A1 0 0
0o x 1 0
0 0 X 1
0 0 0 A

or it is diagonal if the Jordan block is diagonal. Thus, dj are unique up to a block-
diagonal matrix of this form.
Since
Bk—i—m = (bg)ilBkbga

we have that
_ _ g1 _ g1 0\—1 0
Apym = J = di L Brvmdirm = di 1, (b)) ™ Brbpdiym

=d;}

it (00) " didy  Brdydi by dyrn = (af)) "M Aga = (a3) "' Jag,

for all k. Therefore, since a) commutes with the Jordan normal form, it must be a

Toeplitz matrix of the form stated in the theorem, for all k.

Finally, dj is unique up to a matrix commuting with J, lets call it ¢;. We now

turn our attention to the transformation of bZL*l under the change of lifting, namely

0t = G e, (10)
where b1 = At b diym (dy, found above), and g, Toeplitz and commuting
with J.

How to determine which entries generate the others depend very much on the
particular point in the Grassmannian. In the generic case ¢, will all be diagonal; we
will next describe the process generically. Using (10) we see that

-1 -1 -1 -1 -1 -1 -1
azl—m+1azl—m+2 e a%+k—m =4 (b?—m+1b?—m+2 e b%-{—k—m) Ak,
fork=0,...,N —1.

Before we describe the normalizations that will generate the syzygies, we recall
that the determinants of gy, are determined by (4) for any £ =0, ..., N — 1, whenever
N and m are coprime. Let us call det dy = dj.

The last round of normalizations will be chosen by equating those entries in place
(i,i4+1),i=1,2...,m — 1 with the entry (2, 1).

If we denote by g = diag(qi,...,q}), and we denote the entries of
k -1 -1 -1
b = by 1 O ma - ON ke



by b% . , then these normalizations result in equations of the form

0,3

i+1 2

q k di. . &

7212 bi,i+1 = ﬁbm, (11)

fori=1,...,N —1, and

(Ili k qlzc bk ( )
by = 2 . 12
q12c 2,1 qli 1,2

Equation (12) solves for ¢7 in terms of g} (if b1 2/bs 1 is not positive, we would need
to choose different normalizations), and substituting it in (11) we get an expression
for any qi in terms of q,i. Since det ¢ = det d;lék, where d;, was determined in the
normalization of b0, ¢i is also determined.

These last normalizations will produce as many syzygies in the entries in bZ‘_l
(linear or quadratic) as indicated in the statement of the theorem. The fact that the
entries of Qg, k =0,..., N —1, generate all other invariants of polygons in Gr(n, mn)
is a consequence of the work in [4]. O

Remark 2. It is very clear that these last normalizations could be chosen in many
different ways (we could make entries constant, for example; or we could choose a
different block, or relate entries from different blocks). Not all choices will work for
us, and in order to be able to prove scaling invariance of the map, it is important
that we choose the equations to be homogeneous in the entries of bj. It is also
simpler (although not necessary) if we choose entries from one block only to define
the equations. The choice of b’,z%l versus by, 7 # 0,m — 1 is just more convenient,
but we could choose any other r # 0 instead.

4 The Pentagram map on Gr(n,2sn)

4.1 Definition of the map

Next, we define the Pentagram map for the Grassmannian Gr(n,2sn) for s > 2. The
dimension of Gr(n,2sn) is clearly (2s — 1)n?.

Let X = (Xk) be a lift of a regular N-gon in Gr(n,2sn), and define the following
subspaces

My = (X, Xig2 oo Xio(s—1) Xktas),
and
Qe = (Xng1, X3y oo Xigoas—3, Xpyas—1)-

Note that dimII; = (s 4+ 1)n and dim Qy = sn. Therefore, generically, dim IT; N
Qk =nNn.

Definition 3. Let p = (I) be a twisted N-gon in G(n,2sn). Let T(p) be the map
taking the N-gon @ to the unique twisted N -gon whose vertices have a lift of the form
T(Xg) = i N Q. Notice that this is independent from the choice of the lift X. We
call T the Grassmannian Pentagram map.

Notice that we are abusing notation by calling 7" both the map on polygons and
their lifts. We will go further and use the letter 7' to denote the image of other data
associated to p in T'(p) (invariants, frames, etc). It is immediate to check that T'(p)
is also twisted, with the same monodromy as g, using the fact that Iy, = Ml
and QN—i—k = MQk.

Next we will define this map in the moduli space of polygons, as defined by
the invariants in our previous section. We will keep on using the letter T, defining
T :Pn — Pn. We will specify the domain if needed. Let us assume that V' = (V)
is the lift defined in theorem 1 for a polygon p. Assume

Vitas = Vkag + Vk+1a,1€ + -+ Vk+2(s,1)ais_2 + Vk+25_1ai5_1, (13)



as in (2) for 2s matrices af, a}, ..., a;* ! of size nxn and with the properties described

in theorem 1. |
Using the fact that T'(Vy) € IIx, we know that generically there exist matrices ¢/

such
T(Vk) = chg + Vk+2ci 4o + Vk+2scis. (14)

If we now use the relation (13) we can replace Vj4as in (14), and arrive to the
following expression for T'(V%) :
T(Vy) = chg + Vk+20i +ooeeee + Vk+25,gci872
(Viag + Vigrag + -+ + Vigpos- 1@ > + Vigas—1a3" 1) ¢

0. 025 12 2 2 2 25—1 25
= Vilep +arey’) + Vir1apei® + Viga(cg + aiil”) + -+ + Vigas1a” ¢

+

Since we also assumed that T(Vy) € Q, then ¢7” + ai"ci* = 0, for r = 0,...,s — 1,
and

T(Vk) = (Vk-‘rla’]lc + Vk+3a% 4+ 4+ Vk_;,_gs_gais_g + V]H_Qs_lais_l) C%S. (15)

Although the matrix ¢7* seems to be arbitrary, it is uniquely determined by the fact
that the right hand side of (15), not only for k, but also for kK + 1,...,k + 2s — 1,
must be a lift for the image polygon T'(p), with the same properties as those found
in theorem 1. Once c3* are chosen that way, we will be able to find the image of the

matrices a{ under the map T, as follows. Let us call cis = Mg, so that we can write
T (Vi) = prTrAn,

with pr = (Vie, Vw1, Vet -+, Viepas—1),

ry = ai , (16)

and where \j are uniquely chosen so that {T'(V})} is the lift of the image polygon
described in theorem 1.

Example 1. In particular, (15) implies that when s = 2 the Pentagram map takes
of following form

T(Vi) = [Virrap, + Xnrsai] Ak = (Vi Veg1 Vi Viets) o. | Ax = PrrrAs,

for all k € Z.

Extending the map T using, as usual, the pullback, we have that

T(Pk) = (T(Vk)7 ce. 7T(Vk+23—1))
= pr(TeAe, ReTrpi o1, Rep1ThpoNiy2, oo Rigos—oTht2s—1 \bt25—1),

where Ryir = QrQrt1--.Qrir and Qy is given as in (3). This expression can be
written as

T(pr) = prNrAy, (17)
where
Ny = (vg, Rpriq1, Rpr1Thq2, - - o, Rigos—2Tkt2s—1)s (18)



and

Ae Onp ... O,
On Agy1 --- O,

p= | T (19)
O, ... On  Agt2s—1

One can recognize equations (3) and (52), that is

Pr+1 = PrQr, T(px) = pxNeAg, (20)

as a parameter free Lax representation for the map 7. The compatibility conditions
are given by
T(Qr) = A,;lNk_le.NkHAkH. (21)

The last block-column of this equation defines the map 7" on the moduli space of
Grassmannian polygons, written in coordinates given by the invariants a]. The ques-
tion we will resolve in the next subsection is how to introduce an spectral parameter
in (20).

4.2 A Lax representation for the pentagram map on Gr(n,2sn)

In this section we will prove that one can introduce a parameter y in (20) in such a
way that (21) will be independent from p. This will define a true Lax representation
that can be used for integration of the map. As it was done in [6], we will prove that
the map T is invariant under the scaling

ai”l — uair+17 ai” = ai, (22)
forany r = 0,1,...,s—1 and any k (this implies that all entries of these n x n matrix
scale equally). This will involve several steps.

Let us denote the block columns of (18) by F.., so that Fj = ry, and

Frvo = Ryro1Thie = QuQrt1 - - Qrge—1Tk+o, (23)

¢ =1,2,..., with r as in (16). Our first lemma will allow us to decompose the
block columns of N, into homogeneous terms according to (22). The lemma is almost
identical to Lemma 3.1 in [6]. Let us denote by I' the matrix

0, 0O, O, ... O,
I, O, O, ... O,

r = o, I, O, ... O, ’ (24)
o, ... 0, I, O,

where I, is the n x n identity matrix. Let us also denote by T the shift operator,
namely 7 (Vi) = Vi41. This shift operator can trivially be extended to invariants
using 7 (a},) = aj_ , and to functions depending on the invariants using the pullback.
We can also extend it to matrices whose entries are invariants by applying it to each
entry, as it is customary.

Lemma 4. Let Fj,4 be given as in (23). Then, there exist n X n matrices ozg such
that

£ £

: 20 2041 ~
Frpor =) Fryor 1030+ Gryoe,  Frpoesr = Y Friorad, ™ 4 Grpar,  (25)
r=1 r=0

for £ > 1, where

Gri2es1 = Pk (TGri2e),, + TTGryor, a3t =Ta2l , a2 = (TGria),,
(26)



with

Il
Q
3

Pk (27)

and
A 2042 2041
Giroey2 =TT Gryoes1, azt1=Tag ", Gi=Fy=r. (28)

By A,, we mean the last n x n block entry of a matriz A.

From now on we will simplify our notation by denoting Fj, simply by F,. We
will introduce the subindex k only if its removal creates confusion.

Proof. First of all, notice that the last column of @ in (3) is given by p+r, as in (27)
and (16). Notice also that, from the definition in (23) we have

Fo=QTF;-1.
We proceed by induction. First of all, since F' =r,
FL=QTF=Qr;=(p+ r)a{”f1 +TI'r, = Fcfln*1 + pa’lnf1 +TI'r;.

We simply need to call Gy = pa]" ' +Try, and of = a" ' = T (F), . Let’s do the
first even case also:

Fy=QTF =Q(TGy + TFal™ ') = Flal ' + I'TGy,

and we call Gy, = FT@l. Notice that Q’T@l = FT@l since the last block of él
vanishes, as indicated by the hat.

Now, assume
¢

Fyy = ZFQT—ngf._l + Goyg.

r=1

Then ,
Forp1 =QTFo = ZQTFzr—lTagf_l + QT G2

r=1

Since QT Goy = p (T Gar),, + 1 (TG2),, + I'TG2 and r = F, if
ég@+1 =p (TGQZ)m + FTGQ,@, agﬁJrl = Tagffl, r= 1, . ,Z, Oz%e+1 = (TGQg)m y
then we have

‘
2w+l | A
Fyypy = ZFQTQQT—‘F + Gapy1.
r=0

Looking into the even case, we have that

¢
Fopyo = QT Fopq1 = Z QT Fo, T2 + QT Gary,
r=0

and since Fo,11 = QT Fy, and QT@%H = FTCAT'%H, if we call
Gare = FTéQHh agfﬁ = Ta%fH,

we prove the lemma. O



Once we have this lemma we can identify homogeneous terms in the expansion
of block columns. Indeed, notice that r and p are homogeneous of degree 1 and 0,
respectively, with respect to the scaling. Since the shift clearly preserves the degree,
from the statement of the lemma we have that both Gy 2,11 and G4, are homogeneous
of degree 1, for any r. Likewise, ag are also homogeneous of degree 1, for any r, from
its definition, and since all others are obtained by shifting these, they are also.

Therefore, if we denote G = F, iteratively applying the lemma we have that [}
are in all cases a combination of Gy, and Ga,yy for the different values of r, with
different types of factors of the form «7, each of degree 1. One can also clearly see
that if the columns of F,. generate R"™ for r =0,1,...,m — 1, them the columns of
Gor and Gorq1, 7 =0,...,5 — 1 will also generate the same space since the change of
basis matrix will be upper triangular with ones down the diagonal. This new basis
will be crucial in the calculations that follow.
R Finally, a comment as to the reason for our notation. Notice that both Go, and
Go¢4+1 have alternative zero and non-zero clocks, with Gy starting with a zero block
and ég[+1 starting with a nonzero block. We are keeping that marked not only by
the subindex but also by a hat, since as calculations become more involved it helps
to have them be visibly different. It shows that the entire space can be written as
a direct sum of two orthogonal subspaces, one generated by the block columns with
hats and one generated by those without hats.

Next, assume that we drop the Ay factor and define

T (Vi) = prr.

Define further ¢; = T(a}), as given by the following compatibility formula, which is
(21) after removing Ay

T(Qr) = Ny, ' Qi N1 (29)

Notice that ¢j, will need to be normalized by Ay, before we can declare it to be T'(aj,).
Let us call ay, the last block column in @ (the ith block will be az_l). Then, choosing
the last block-column in both sides of the equation

T(ay) = Ny ' QT Fyros—1 = Nj, ' Fyios,

which can be written as -
NiT(ag) = Fiyas- (30)

Thus T'(ag) can be interpreted as the solution of the linear equation (30). This will
be crucial in what follows.

Theorem 5. The matrices ci, are homogeneous with respect to the scaling (22), and
d(cié) =0, d(ci@rl) =1,
forany ¢ =0,1,...,s—1.

Proof. As in the previous proof, we will drop the subindex k and introduce it only if
needed.
First of all, let us analyze the homogeneity with respect to (22) of the determinant

D =det N =det(F, F,..., Fos_1).
From (25) we can rewrite it as
D = det(F,G1,Ga,. .., Gas—2,Gay_1),
and since d(Gap) = d(@g[_l) = 1 for all ¢, we have that D is homogeneous and
d(D) = 2sn. ‘
Next, denote by f7 the jth column of F,., and let Fﬂl be the block column whose

individual columns are equal to those of Fj., except for the ith column which is equal
to the jth column of Fyg, for any r =0,1,...,2s — 1.

10



Define next
Dém = det(F, Fy, .. -,F2e—1,Fgg’i7F24+1, sy Fog 1),

We first notice that using (25), we can substitute the ith column of Fij by the jth
column of G, since Fo, and Gog differ in a linear combination of columns of F, 1,
r < s. Let us call the new matrix F3,%. We then simplify the part of the determinant

to the right of FZjM using (25), to become

j 9 A i 2041 ~ i 2s—1
D%gﬂ‘ = det(F, F1, ... ,F2£71aF2Jg?ivG25+1+f£Z (0424+ )i,GQZa ooy Gag—2,Gas—1+f3 (0422 )i),

where (af,), denotes the ith row of aj,.

We now proceed to simplify the columns fi, which can be substituted by g3, (the
1th column of Gay) since their difference is generated by odd vectors with subindiced
less that 2¢. We can then simplify the rest of the determinant, using (25) once more.
We get

Dge,i = det(FyGla"'aG2l717G2[ 17G2f+1+922 (a2[ ) GQE»"')G25727G2871+9§£ (agj 1)2‘)7

where Gg“ indicates the matrix equal to Ggy, except for the ith column which is
equal to g%s. Our last step is to notice that we have enough Gs, block-columns
(r =0,...,s — 1, r # s) that together with GJ,, generically generate the entire

subspace generated by Ga,, r = 0,...,s — 2. But the vector g4, belongs to this
subspace, and hence it will be a combination of the columns of those blocks. Thus

N i A N
Dy, ; = det(F, G,.. s Gar—1, Gy 4, Gop1, Gog, -, Gos—2, Gas 1)),

which clearly shows that Dzz ; is homogeneous, and since d(GQZ i) =1,d(Dy, ;) = 2sn
also.

Finally, T'(a) is the solution of system of linear equations (30), and so, by Cramer’s
rule, the (j,1) entry of ¢* = T(a?’) is of the form

Dy,
o

Therefore, ¢ is homogeneous and d(c*) =0,/ =0,...,5 — 1.
We now study ¢2*!. Consider the determinant

D%Z—f—l,i = det(Fa Fla o 7F253 F2]g+1,i7F2£+23 R F23—1)a
where F% 1 is defined as Fhpy1 substituting the ith column with the jth column of
Fos. As before using (25), we start by noticing that we can substitute the ith column
of F%+1 by the jth column of Gas, call it g3, plus f4,, (a%_H) i that comes from
the expansion of F5 in terms of odd terms, and the fact that the ¢th column of Fopq1q

is missing. The expression (a%jﬂ) is the (4, ) entry of o35, ;. We call the resulting

matrix FZ¢ If we simplify the rlght hand side of the determinant it becomes

2041,4"

J
D22+1 1

= dEt(Fa Fla .. FQZ, F2g+1 Izl G2£+2 + f2£+1 (agg_t,_l) G2Z+3a ey G2572 + f2i£+1 (04324_%) G2sfl)

(a§§+1)i,jdet(F F1,... F2[7F25+1,G2g+2,... G2$—1)
+  det(F, [,... F2€,G2£+117G2e+2+f24+1 (%fﬂ) ,Gapys, .o, Gas 2+ fao (0‘2e+1) ,Gas_1),

where éée 41 1s equal to ég[+1 except for the ith column which is equal to g%s.
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As before, f%+1 and g%+1 differ in a sum of columns of Fy,, r < ¢. Thus, we can
substitute f% +1 by 9 g% 41 in the determinant. After that, we proceed to simplify the
rest of the determinant obtaining

Dguu = (a§2+1),-j D

+ det(F, Gq,...,Goy, G2Z+1 o Ggg+2 + 7 ggg+1 (042511) Ggg_i_g, ey Gos_o + g5 92[_,,_1 (O‘2£+1) st 1)

Unlike the previous case, this time one of the columns of @ge 41,0 1s even, and hence,
the odd columns (other than ’gée +1) do not generate the odd orthogonal subspace
since they are one dimension short. Thus, including g5, ;, we have an equal number
of odd and even columns and we need to expand.

The term that includes no gi,,, in the expansion is given by

det(F), @1, Ga, ..., Gy, ééHlﬂ} Garta, ... Gas_2, é25—1) =0,

since, as we said before, there are more even columns that odd columns. The remain-
ing terms in the expansion are

n
2r ~ ~J ~ i T A ~
D> (adih),, det(F, Gy Gy e Gope G4 G5010p , Gorty oy Gag g, Glag 1),
r=¢+1p=1

where (a37,,), is the (i,p) entry of a3y, Gb, has zero ith column and where e,
is the standard canonical basis of R™ with a 1 in the pth entry and zero elsewhere.
Each one of these determinants has an equal number of odd and even columns. Each
column is homogeneous of degree 1, and so each determinant is homogeneous of degree
2sn. But, like D (also of degree 2sn), they are multiplied by (a%}g +1)i,p’ homogeneous

of degree 1. Hence, D2é+1 is homogeneous and d(D%+1 ;) =2sn+ 1.

Finally, since, according to (30), the (j,7) entry of T'(a**1) = ¢**1 is equal to
D31,
D )
we conclude that ¢2**! is homogeneous and d(c**!) = 1. This concludes the proof
of the theorem. 0

Our final step is to introduce the normalization matrices Ay, and to study how they
might affect the scaling degree of T'(a},). Recall that A\ has two factors: dy, used to
normalize ¢ and to transform them into their Jordan form (as in (6)); and gy, in the

generlc case, a diagonal matrix used to define syzygies among the entries of ¢}~ 1 as

n (10) (¢~ 1 plays the role of 67" in (10)).

Lemma 6. The matrices A\, are homogeneous with respect to (22) and
d(Ae) = —
for all k.

Proof. Since A\, = dgqr, we will look at each factor separately.

The first factor dj is determined by the normalization of By as in (9), where, in
our case, By = I1,,,(c}) as in (7). But, given that ¢ are invariant under the scaling,
By, will also be, and hence so will dy.

The second factor, g, is found by using a number of equations of the form (11)-
(12), which finds each entry of g as fuctions of the first entry gi. Since ¢}’ ! (which
plays the role of b ~1) is homogeneous with respect to the scaling, equatlons (11)-(12)
imply that ¢!, are homogeneous also, with equal degree. Also, since det g, = det d,;lék,
where ¢, = det \g, each entry of g will have degree equal to d(dx)/n. Hence, to prove
the lemma we need to show that d(dx) = —n.

12



But this follows from the fact that Ny Ay = p; ' T(px), where Ay, is as in (19), must
have determinant equals 1 since pj does. Therefore,

det(Ng)O0k0k+1, -« -5 Okpm—1 = 1.
If we now apply the scaling, and having in mind that d(Ng) = nm, we get
um det(Nk)SkSk_,_l, - ,Sk-i-m—l =1,

where SkJr]_ is the scaled determinant. As show in [6], this system has a unique solution
whenever N and m are coprime. But

Opir = Ok,

for all k, is clearly a solution. Hence §,, are homogeneous and d(d;) = —n. This
concludes the proof. O

We are now in position to prove our main theorem.

Theorem 7. The Grassmannian pentagram map on the moduli space Py defined by
(21) is invariant under the scaling (22).

Proof. We need to show that T'(a},) are homogeneous, and d(T'(a3’)) = 0, d(T(a?")) =
1for £=0,...,s— 1. As in previous proofs, we will drop the subindex unless there
could be some confusion.

Using (21), and denoting by a the last column of @, we can write T'(a) as

O,
T(a)=AT'NT'QTN| |,

n

Amt1
or as the solution of the linear system of equations
On
NAT(a)=QTN |

n

>\m+1

Since we plan to use Cramer’s rule once more, we will study the associated determi-
nants.
To start with, we know that det(INA) is a homogeneous function of degree nm —
nm = 0. Define
D}, = det(FA\ Fi\i,...,Fri)_1, Ff,’{\,Fr+1)\r+17 s Fas1Aas1)
A
= det(F, Fi,... 7F‘Tfl,F‘J’- Fr+1; ey F2571)61 . 6r716r+1 e 0251,

r

where Fg:i)‘ has all the columns equal to F.\,, except for the ith column which is
given by the jth column of FhsAog, that is, by ng)\és = ngdgsq%sej, with dos and gs,
as in (9) and (10).

Assume r = 2/.

As in the first lemma, we can use (25) to write down the determinants in terms
of homogeneous components. For example, the jth column coming from Fjs can
be replaced by that of Gy in Fﬂ”i)‘ and we can simplify the terms to the left of it,
including the remaining columns of Fy,. We obtain

det(F, Fi, ..., Fag1, F3y, Farya, .., Fas_1)
A A ; ~ ; _
= det(F, F1,..., Far—1,G3;, Gorsa + fap(aas™)i, Garroy oo Gas—1 + fa(a3i™h),).
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The block column Gé’fi is equal to GapAgy except for the ith column, which is equal

to Gas\),. We can further use (25) to substitute fi, with gi,. Once we do that,
we see that the even orthogonal subspace is generated by the columns of Gsy,., 7 =
0,...,5—1 except for the extra column in G, which in this case is generically covered
by combination of columns in GasA3,. Thus, as before, we can remove the g5, terms
from the determinant and simplify to the left of the 2¢ position.

We obtain

, N N Nt N
D] ;= det(F,G1,G2...,Gor-1,Gy; 5, Garyy - oo, Gos—1)001 ... O20-102041 - - - 0251,

with hats and non-hats alternating. All of the columns of G, are homogeneous of
degree 1 for any r. On the other hand, the columns of G;’Z‘i have degree zero since

Go¢ has degree 1 and Ay has degree —1, so does Ggs)\%s = Ggsdgsqgsej. Therefore,
d(Dl;) =n(m—1)—n(m—1)=0.
The (j,i) entry of T(a?*) is

Assume r =20 + 1.
In this case, and always using (25), the determinant

(T(a?)) = 0.

. .
D) ;= det(FX, Fi)\, ..., Faedao, Fijy o Faorodaea, - ooy Fas—12s-1),
can be further simplified replacing the ¢th column of FQJZ‘HJ, given by FQS)\gS, by
. , ] ‘
hgs = GQS)\%S + F2£+104%2+1)‘53~

We can then simplify the side of the determinant to the right of Fgé ‘1 so that
Fory1 — G2r+1 and Iy, — Go, —|—f2£+1 (a2e+1) After this simplification we can also
substitute f3,,, with g, , and F. 26+1 ; by G2E+1 ;» where all columns of GMJF1 , are

equal to those of G2[+1 A2e41, except for the ith column, given by
A . - ( )
g%s = GQS}\;S + G25+1agz+1)\%s‘

We then continue to simplify the part of the determinant to the left of G% 1,0 The
result of all these simplifications is the determinant

det(F,G1,Go,.. G2€7G24+1 i GorrotGesq (%ﬁH) Gy, .. o Gos_o+G5e 1 (agﬁf)i ,Gas—1).

First of all, notice that if we expand this determinant, the term in the expansion
without any g5, is given by

det(Fv 617 .. '7G2£aX)\7G2(+27 e 7é28—1)7

where X* equals 62g+1A25+1 except for the ith column given by @yﬂagjﬂ/\gs. All
columns of égu_l A2¢4+1 have degree zero, except for the ith column which has degree
1 (d(Gapy1) = d(a3i,,) = 1 while d(X,,) = —1). Therefore, the degree of this
determinant is n(m — 1) + 1.

If we now look at any of the terms in the expansion containing gy, ;, we have

2 A A A i ' T A A
Z Z (QQE+1)i,p det(F, Gl, . ,Y goany G27-_17 Gér+§3€+1€p y G27"—1; ey GQS_Q, st_l),
r=¢+1p=1
where (a%}fﬂ) is the (i, p) entry of agzﬂ, G, has zero ith column and where e, is

the standard canonlcal basis of R™. The matrix Y is equal to G2£+1)\2Z+1 except for
the ith column, which is equal to g . We can further simplify ¢ SA to become Ggs)\Qs
since its odd term is generated by the other columuns.
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Each column has degree 1, except for those in Y*, which have degree 0. Since

each term is multiplied by (agzﬂ)i » of degree 1, each term has degree n(m —1)+1,
and so does the determinant. From here

d(DgMi) =nm—1)+1-n(m—1)=1.

Dl,. ..
Since the (j,7) entry of T(a**!) is given by —22%4, we have

d(T(a**) =1,
which concludes the proof of the theorem. O

This theorem allows us to define the Lax representation for the map T on Py.
Indeed, if we define

O, O, ... O, ag

I, O, ... O, “‘;’19
Qk(,u) — On In On ak ,

o, ... 0O, I, ,uaisf1

then there is a unique matrix Ny (u) such that

T(Qr(1) = Ni(1) ™ A Qu () A Ny (p).- (31)

The matrix Ny (), which is invariant and hence depends on a}, is simply the matrix
Ny, in (18) rescaled by (22), that is

Ni(p) = p(rr, Qu(p)rrt1, Qu (1) Qrr1 (1)Thy2;s - -5 [Qr(p) - - Qryas—2(p)] Thras—1)-

(We can ignore the factor p in front.) The system of equations

T(me) = MmN (1); Met+1 = MeQr (1),

has (31) as compatibility condition. Equation (31) must be independent from p since
T is defined by its last column, and it is preserved by the scaling, while the rest of
the entries are zero or I,,, and hence independent from u. Hence, this system is a
standard Lax representation for the Pentagram map on Grassmannian, which can be
used as usual to generate invariants of the map. Indeed, the conjugation class of
the monodromy is preserved by the map T : Py — Py, as we saw before. Since a
representative of the class is given by M = QoQ; ... QN—_1, we obtain the following
theorem.

Theorem 8. The map T : Py — Py lies on the Riemann surface

det(Qo()Q1 (1) - - Qn-1(1) = 1lpm) =0

with p,n € C.

5 Pentagram map on Gr(n, (2s+ 1)n)

5.1 Definition of the map

In this section we will define the Pentagram map for the Grassmannian Gr(n, (2s+1)n)
for s > 1. Recall that the dimension of Gr(n, (2s + 1)n) is 2sn>.

Assume that p = (I;) is a twisted polygon on Gr(n, (2s + 1)n) and let X}, be any
twisted lift. Let IIj be the unique n(s + 1) linear subspace containing the following
subspaces

My = (Xg, Xgto, -y Xgros)-
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We define the pentagram map to be the map 7" taking the polygon p to the unique
twisted polygon (with the same monodromy) whose kth vertex has a lift given by the
intersections ITx NIIx11. This map can be defined either on the space of polygons, or
on the vertices. The map T is well defined and independent from the lift X. In fact,
from the Grassmann formula we get

(28 + 1)77, = dim(Hk_l + Hk) =dimIl;_; + dimII; — dim(Hk_1 N Hk)
=(s+1)n+ (s+1)n— dim(Il;_; N 1)
=2(s + 1)n — dim(IIx_; NII),

which shows that dim(II;_; N1I;) = n for any k, and hence T NI y; is a lift of a
unique element in Gr(n, (2s + 1)n), an element equals to the kth vertex of T'(p). As
before, we will abuse notation and use T equally for the map on polygons, on their
lifts, on frames or on the moduli space.

Clearly the pentagram map is invariant under the action of the projective group
(linear on lifts), and therefore one is able to write it as a map on the moduli space of
Grassmannian polygons, as represented by the invariants we found in section 3. This
is what we do next.

Let us consider a twisted normalized lift V' = (V) of a regular N-gon, p = (lx)
as in theorem 1. Then, using dimension counting, there exist 2s + 1 squared n X n

: 0 .1 25— 1 2s
matrices ay, aj,, ... ,a; a;’ such that

Vit2s11 = Vka2 + Virag, + -+ Vips—107 1 + Vigasap®. (32)

The blocks will be normalized so that ag is diagonal or Toeplitz, and the entries of
a%s have a number of syzygies that relate them.
If the lift is twisted, then a} will be N-periodic for i = 0,1,2,---,2s; that is

ah N = aj, (33)
for any k. _
Since T'(Vy) € 41, we can assume that there exists ¢}, n X n matrices such that
(V) = Vk_;,_lcllc + Vk_;,_gCi + -+ Vk+23_1023_1 + Vk+28+16i3+1, (34)
for all k € Z.

On other hand, we can replace Vj42541 in the last term of (34) by
Virost1 = Vial + Vigrap + -+ + Vk+2571ai871 + Visosap’. (35)
It follows that
T(Vi) = Vip1cp + Vipscp + -+ + Vk+2sf1cisfl+
+ (Viad + Viyrap + -+ Vigas— 1071 + Vipasai®) ot (36)

2541 2541 2541
= VialeP T + Vi e + apel® T + Vigoai st

2s+1 25—2 2s+1
+ Vk+3[ck + akck ]+ + Vipas—2a;° ;.
2s—1 2s+1 2s 2s+1

+ Vk+2571[ck + ay; ] + Vieyasay (o

Since we also have T(V;) € I, it follows that ¢t = —a}* "™ for any £ =
0,...,s—1, and

T (Vi) = [Viag + Vig2ap + -+ Vigas— 2a7° 2 + Viposai P e st

Remark 9. As in the previous case, the matrix invariant matrix cisﬂ has no ap-

parent restrictions, but in fact, it is completely determined. In order to be able to
define the pentagram map on the moduli space coordinates given by the matrices aj,
we need to guarantee that {T'(Vj)}_, is the lift of T'(I;) as described by theorem 1,
as far as T'(p) is generic. As we showed in theorem 1, there is such a unique lift, and
cisﬂ = A will be the proportional matrix that appears in the theorem. In fact, we
have not shown that if @ is regular, so is T(p). As it was the case with the original
pentagram map ([10]), the map is only generically defined.)
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Example 2. For s = 1, that is, on Gr(n,3n) the Pentagram map is

0
ag
T(Vi) = (Viea) 4+ Vig202) Mk = (Vie, Viey1, Vier2) | On | e = prriche,
for any k € Z.
Now, define
P = Vi Vg1 . Vipos—1 Viegas)s (37)
so that for any k € Z
0
ag
On
aj,

T(Vi) = pi | On | M.

As before, if prp11 = prQk, and

[‘k: . 3

and if we extend T to p; by applying it to each block-column, we can write

T(pr) = pr (tkde  Reg1Trprresr  RrsoTrgodirz oo RigosThiosheyas), (38)

where, if Qy, is given as in (3), then Ryi; = QrQrt1 - Qrti—1, fori =12 ....
Now, as we did before, for any k € Z define

Ni = (rk  Ripivhyr Rigotire -+ RiyosThias) -
It follows that
T(pr) = puNehAr,  pr+1 = prQk, (39)
where
e Op, ... O,
On MNey1 ... On
Ap=1. . i
On i On Apsos

As before, the compatibility condition of these two natural maps is given by

T(T(px)) = T (prNk) = pr1Nk1 = T(T (px)) = T(pr+1) = T(prQr) = T'(pr)T(Qk)-
Hence

Pr41 N1 A k1 = T(pr)T(Qr) = pe N AT (Qk),
for all k € Z. Tt shows that (39), together with

T(Qr) = Ny 'AL ' QuNpg1Apia, (40)

holds true for any k € Z and describes a discrete, parameter free, Lax representation
for the map T defined on the moduli space as represented by the invariants that
appear in the last column of Q. Notice that from (38) we now that Ay are also
periodic, that is Agyn = Ag for any k. And from the definition in (3) so are both Qy
and Rk.
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5.2 A Lax representation for the pentagram map on Gr(n, (2s+
1)n

As we did for the even dimensional case, in this section we will prove that one can
introduce a parameter £ in (39) in such a way that (40) will be independent from .
This will define a true Lax representation that can be used for integration of the map.
As it was done in [6], we will prove that the map T is invariant under a scaling, this
time given by

air-i—l —1+r/sair+1, r/s 2r

—u r=0,...s =1 a3 — u"*ai" r=0,1,...,s. (41)
We will follow the same steps as in the even dimensional case. The first steps involve
proving that the map defined without the proportional matrix Ay is invariant under
the scaling. We will then calculate the degree of A\; using these results and incorporate
the proportional matrices Ay, to the map to finally calculate the degree of T'(al).

First of all, notice that if, as before, we denote by Fj, the r + 1 block-column of
Ny, the analogous to Lemma 4 still holds true. We cite it here without proof, since
the proof is identical.

Lemma 10. Let Fy, = v and Fjyy = Ryyerpqe, £ = 1,... as above. Then, there
exist n X n matrices o] such that

¢ ¢
20 20+1 A~
Frqor = g Frqor—105, 1 + Gry2e, Frioey1 = E Fryoras,™ + Gryory1, (42)

r=1 r=0
for £ > 1, where
A 20+1 20 20+1
Grrae41 = Pr (TGri20)as + TT Grgor, o5 ' =Tasr_y,  ag = (TGri20)ss

(43)
with

I
—

N

=
N’

Pk On ’

and
A~ 2042 20+1
Gk+25+2 =17 Gk+2z+1, 0427,+1 =7 Qo) Gk = Fk =TL. (45)

By Ao we mean the last n x n block entry of a matriz A.

The main difference with the even dimensional case is that the even block-columns
G2y start now with a non-zero block (while before it started with a zero one), and
generate a (s + 1)n dimensional subspace, orthogonal to those generated by the odd
ones @2g+1, which start with a zero block and generate a sn dimensional subspace.
Also, in this case the first two blocks of Gy are zero since Gy yop = FT@;Hgg,l and
T" shifts all the blocks once downwards.

Assume first that we drop the A, factor and define

T(Vk) = PETk.

Define also c}:C = T(a};), which is given by the compatibility formula below, the anal-
ogous to (29) -
T(Qk) = N 'QrNys1.

Then B
T(ar) = N, 'QxT Fiy2s = Ny ' Fyyasi1,
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which can be written as -
NkT(ak) = Fk+25+1. (46)

Once more T(aj) can be interpreted as the solution of the linear equation (46).

Theorem 11. The matrices cf§ are homogenous with respect to the scaling (41), and

d(c3) = é Ay = -1+ g

Notice that the degree of ¢}, coincides with that of aj. Later we will show that Ay
are all invariant under scaling and this theorem will essentially prove the invariance
of the map under (41).

Let us once more drop the subindex k& unless needed. As we did in the previous
case, we will work with determinants of the form D; ;, simplifing them down to their
homogeneous component, and calculating their degree. Because they are solution of
(46), each entry of ¢" will be a quotient of these determinants and D, and this way
we will be able to determine their degree. The study comes in a number of lemmas.

Lemma 12. The determinant
D = det(F, F, ..., Fyy),
is invariant under (41).
Proof. Using (42) we have that
D = det(F,G1,Ga, . ..,Gas_1,Gas).

This time all Go,. = FT@gT_l have the first two blocks equal O,,; therefore, the blocks
in the first row of D are all zero, except for the first block which is the first block of
F =r, ie. a° and which is invariant under scaling. If we simplify using the first n
rows, we have the determinant of a matrix that looks like

A On Aip Op ... A Oy
O, Bin O, Bia ... O, B,
A271 O, A272 O, C.. A27S O,
On Bay O, Bay ... O, Ba.|.
Asi On Ao Op, ... Ags O,
O, Bsqg On, DBsa ... O, B,

where A; ; are the nonzero blocks of égj_l and B; ; are the nonzero blocks of G;.
Using n?s(s — 1) exchanges of rows and columns, this determinant can be easily

transformed into
det A4 O
“\o,, B )’

with A = (4; ;) and B = (B; ;). Also, since Gop = I‘Tégg_l, we have that B =T A
and D = det Adet T A.

We will next show that d(A4;;) = % This will imply, from the definition of
determinant, that d(det A) =n>>;_, 75, = =0, concluding the proof.

Indeed, from (43) we have

Gogy1=p (TG2)gs +TTGo =p (7—2@%—1)2 Lt 272Gy,

s—

and using this we conclude that

Ap 41 = a%_lTAs’z + T2Ak—1,é- (47)
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The degrees of the nonzero blocks of p are given by

1 2 s—1
-1, —-1+-, —-14-, ..., =1+ ,
s s s

while the degree of a?® is 1. Thus,

d(Agq) = d(a®1a%) = d(Ta?*?) =

We now use induction. Assume that d(A4, ;) = % foralli=1,...sand all j < £.
From (47) we have that, since d(a?*~!) = —1 4 =1,

A 1T2 Ay ) = —1 + k; Ly Sgg _k _f_ Lo d2a, ) =212t ‘; -t
and so
d(Ag,e41) = w,
concluding the proof of the lemma. O

Let us denote by Dﬂl the determinant given by
Di,i = det(F7F1a'-'7Fr—17F£7iaFr+17~-~>F25)a

where FTJz is the block-column obtained from F, by substituting the ith column, f?,
with the jth column of Fy,y1, f§s+1'

Lemma 13. Determinant Dg£+1,i is homogeneous for all i,57 = 1,...n, and { =
0,...,s—1, and

; l
d(D%eH,i) =-—1+ s

Proof. As in the previous cases we will make heavy use of (42) to reduce the determi-
nants to their homogeneous components before calculating their degree. First of all

we will substitute the ¢th column of FQJZJrl ; in

det(Fa F17 ey F257F2J[+177;a F2E+27 ey F28)7
by that of @25+17 @\%S 11, since the difference is a combination of even columns, which

are all present in the determinant. We can then simplify the columns to the right of
this and substitute them by either Ga,11 or by

-~ 2r
Gar + G541 (a24+1)i )

where a super index indicate the column, a subindex the row. We can then substitute

all the remaining columns of FQJ and F,., r < 2¢ by those of G,. or (A?r, depending

041,
on parity, to obtain

J ~ A~ ~ 2042 ~ ~ 2s
Dr7i - det(Fv Gla ey G2£7 G2€+1,i’ G2Z+2+92£+1 (04264_1) 7G2£+33 R G23+92£+1 (a2£+1)i)7

i
where @éé Y is equal to @%H except for its ith column which has been substituted

by the jth column of 6’25“. Since the missing column in é2l+1 has been substituted
by another odd column, if we expand this determinant all the terms that include any
extra column g, 41 will vanish since we already have odd columns equal to half the
dimension in their standard position. Therefore

Dz,i = det(F, Gi,...,Gy, G%Z—Q—Li’ Gopya, Ggg.;,.g, R Ggs).
Consider now the following product

Ghsi1 = aé[-i—l ® @%u—l)il ® Fost1s (48)
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where by (g4, Jrl)*1 we mean the vector whose entries are the inverses of the entries of
G041, and where the product represents the individual entries product, as customary.

We claim that (g3, ,)"' ® ﬁés 11 is homogeneous, each entry with the same degree.
Indeed, using the fact that d(A; ;) = =2 (recall that A; ;, 7 = 1,...s, are the nonzero

blocks of CAv'Qj,h j=1,...,s), we can see that
d(Gor1) " @ Gosy1) = d(Ggir) — d((Gop41)
1 -1
= (*,—1,*,—14—7,*,...,*,—14—s )
S S
¢ 1-7 s—1-/
- (*7_77*7 a*a"'a*577*)
S
1
= (*7_1+7a*a_1+7a*7"'a*a_1+77*)a
s s

where * indicates the position of a zero block. Therefore, substituting /g\%s 41 by (48)
in the determinant, expanding the determinant using this column, and using the fact
that D is invariant under scaling gives us

A(Djgyr) = 1+ 5.
as claimed. O
Lemma 14. Determinant D%N is also homogeneous for all i,5 = 1,...,n, { =
0,...,s—1 and | ,
d(D%m) = ;

Proof. The proof of this case is a bit more complicated. We need to look at the
determinant _ _
Déé,i = det(F, Fl, e ,Fgg_l, F2jé,i7 F2g+1, [N ,FQS).

As before, we simplify the ith column of Fij, using (42). That is, f§s+1 will be
substituted by

§%8+1 + f2ZP (agzﬂ)m . (49)
We can then substitute the columns to the right of this one: we substitute Fy,.41 by
Gary1+ [4, (agfl)i and Fy, by Ga,. We can also substitute fi, in the expression of
Fy,.11 by g4,. We then change the remaining columns in FQJ'M, including f%,, by those
of Ga¢ (we call the resulting matrix Géz ;), and substitute the F’s blocks to the left
of Gg“ by G-blocks. Then, column (49) becomes

~j i (2541

g%s-‘,—l + 95 (%Zdr )i,j : (50)
and the resulting determinant is given by
det(F,G1,G2 ..., Gap—1, G%gﬂ-, Garp1+9% <a§§+l)i Gapto, ..., Gog_1+g, (aEZ“)Z- Gas).

If we now expand the determinant using the ith column of G%e ;» 1.e. (50), we have

j _ 2s+1
D%Z,i = (azi )” D
+ det(F,Gy,Ga. ., Gar1,Ghy iy Gargn + gy (a3771),, Garya, -, Gas 1 + g3 (037, Gas),
where Gé@,i has as ith column g5, 11 and G elsewhere.

Notice that, once more, if we expand this determinant, the terms with no G%, will
be zero since we have more odd columns that are needed to generate the odd subspace
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(indicated with a hat) given that Gg ¢.; contains one. Thus, the determinant expands
as

s—1 n
2r+1 A i A AP i T
Z Z (a2e )i,p det(Fa le GQ; B GQZ’Z‘) G2€+1a ERR) G2r+1+g2£ep ) G?f-‘rlv B G28)7
r=¢+1p=1

where G%, | indicates Ga,11 with a zero p column. Each one of these terms can

transformed by shifting the p column of CA;STH + gézeg and the ith column of Gée,r
The expansion becomes

s—1 n
2r+1 A ~ AP ~j T
D> H(ag ), det(F,Gh, G, Gor, Gargny oo, Gl 450,165 Gaerns -, Gag),
r=¢+1p=1

. (51)
and now we are ready to calculate degrees. Substitute g3 41 by

~j _ ) ~p -1 o =P
92541 = 92541 @ (92r+1) ® 941>

s the same for all of its

e

as before, and notice that the degree of §§s+1 @ (Ghrp1) !
block-entries and equal to —1 + £

* *
1—(s+1) 1—(r+1)
i *
Y N _ i Y 2—(s+1) 2—(r+1)
d(g%s+1 ® (gngrl) 1) = d(g%erl) - d(g§r+1) = s - s
s—((;—l-l) s—(r.’+1)
. x

We now need to calculate the degree of of. This is simple from (43) and (45). We
see that

_ . )
Ao =""T dfegyt) = dd ) =1- 1L
. 2(r—f—1)+1 r—{0—1
d(ady1) = d(ao(T " )=1- s

With this, every term in the expansion (51) has degree

r r r—¢ /{
1+ -—4d(a@ ™) Y=—14+-41- = -
+ o d((agyt), ) =1+ o+l — =,
and since ¢
2541 2541 s —
d ((a2£+ )m D) =d ((a%+ )7.]) =1- s s
we conclude the proof of the lemma. O

After these results, the proof of theorem 11 is immediate since the entry (j,4) of
c" is the quotient '
Dy
D )
and so d(c") = d(Di’i), which coincide with the statement of the theorem.
Finally, the following theorem is a consequence of 11.

Theorem 15. If N and m are coprime, the map T is invariant under the scaling

(41).
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Proof. To prove this result we simply need to prove that Ay are invariant under scaling.
After this fact is proved, computations similar to those in the proof of theorem 7 will
show that even as we introduce Ay in the different block columns of determinants D
and D ., they do alter neither the homogeneity nor the degree of the determinants
because they are invariant under the scaling and all columns of a block-column have
the same degree (and so do their linear combinations). Therefore

for any k and r = 0,...,m — 1. We will avoid further details of those computations
since they are almost identical to those in 7 and the interested reader can reproduce
them.

To show that A are invariant under scaling is not hard: if N and m are coprime,
their determinants, §; = det A\, are the unique solution of

det Nk5k5k+1 e 5k+m71 = ].7

and since det Ni, = Dy, det Ny, is invariant under the scaling (since d(Dy) = 0) and so
are Jy for any k. We next look at each factor in the splitting of Ay = diqi. As in the
previous case, the factors dj are determined by the normalization of By = Hm(cg) as
in (7), and since ¢ are invariant under the scaling, so will dj.

Finally, gx are uniquely determined by equations of the form (11) and (12) for
czn_l, and by their determinants. Since cf’j = CL”__T}l_s_ch”__"ll_s_l . CTN”J_F}G_m is homo-
geneous, equations (11)-(12) are scaling invariant. Furthermore, det gz = detd, 'dy,
and both 0 and det d are scaling invariant, so is det gx. Therefore, ¢, are scaling

invariant and so are \j. O

As in the even dimensional case, this theorem allows us to define the Lax repre-
sentation for the map T : Py — Pn. Indeed, if we define

On On On On On a%
I, O, O, 0, O, plag
O, I, O, 0, O, pral
—141 3
Qu)= [ On On I oo On Onpiiai
0, O, 0, I, O /‘71+S;1az5_1
0, O, o, 0O, I, ,uais

then we can define

Ni(p) = (ve(p), R (1)t 1, Rie1 (10)Tkt2(1), - -+ Riem—2(1)Tktm—1(1)),

where

and Rp1 (1) = Qi) Qr+1 (1) - - - Qi (). The compatibility condition of the system

Pr+1 = PrQr(p), T(px) = prNi(11),

will be given by
T(Qr(1)) = Ni(p) ™ Ay ' Qu (1) An Nis(p). (52)
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Equation (52) must be independent from p since T is defined by its last column,
and it is preserved by the scaling, while the rest of the entries are zero or I,,, and
hence independent from p. Hence, this system is a standard Laz representation for
the Pentagram map on Grassmannian in the case m = 2s+ 1, which can also be used
as usual to generate invariants of the map. With this new scaling, theorem 8 is also
true in the case when m is odd.
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